


Reﬂ ression gnd Estimation

glioles 92 - reqressiyn
slioles 04 — MLE



Linear Models  ( dmowinator oot )
Input : vector x fﬂl" Owtpst: Y€ IR

Datav: (X Yid 75
Lineow Moclel: o = Wo £ W% + == WoXo 2 =wTK +€

bins | intertepT mwize | wncerfaunt Y

/H\ € }RNX] = x e IRNwa,) N e IRLD{‘)XI

?/E XI ’\?" Koo <~° Yo We
Bl o [ x| 3] 2% o F ||
: 3 W SO No
I X4 XNo -~~~ Xnp

Trintng phrase estimate W from olafa,
tecking phmse: preaict Hus = W7 Xnws Lo
Method : mamwize average squovred efror 2p Sia Y= %D
Loww fanction - L1w) = 35 5, (W -4i)" = 51 (Xw=%) (Xw-y)
= o [ W X)W = WXy - Y Xw+ Yy ]
= 575 L W XKW - 24" Xw + Y™y ]
Vol = 5 [(XX)W - Xyl
By setting V[ =0, We gef: w = (XX)'X"y
preddiction: % = Xw = X(XXVXS — rankio=pt
the “het " wadrix  ©@Mplexity: ODN)
Agownptions for unbiasedness (LS estimattors )
1. Lineat in paometess : [ineor in W
2. Pamolpm ling - (Xi: % (o, EUIIX)= EQfiIXDY . ( wot necessaryd
< 3. No perfect collineartty - XTX imversible, or ramk (X™X) —B=— D

4. 2ero conditional meon - £(€i\Xi)=0 .
meam indepondlence: B(%ir=0,, E(%X{)=0. Et%i1Xi)=0 (if inolepenolent)
shictly exogenous: E(2i10, teMpoTanes sy e,xv@wwazﬁ(iﬂm

£ (Ganos - Markov Assuwmptions) . Conditional Homoskedasticty . Varc&1X)*= v*
BGi641X)=0 ( conditional spatiad [ 4eriad wnconelactions) = Covigi, €y)=0



Mere on OLS

Linear (Moelel : YzWot Wikt " WoXo 2 = WK +¢
FERM™ = X 6 RV wer™™! | &epri

? X "?' Mo <~ %o Wo
L = x5 )‘; = | %o v e )‘;
.:» ; 4 : . . : D
?f:' X4 Xno -~~~ Xnp
o+|
sowv\ple
/Rm y N X e x

xw = X(X'X) 'x‘T

' T projection mafTWK P=p . px=X

W relacteol matmix

« = (I-P)Y = Y
*M Xwtg)=M¢g

=(L-X(XX)'XDE
7
. %«),irglm &y vvtwwbrt‘c AWC/ oAt awd, olomprtent
Eg-} Df ( IV\X =g, PM=0, THW)= mmF—LM) =n-k
imation 0f v (= Et£). . (
- Method of Momests (MOM): §°= W34 % = E'E
2. Unbiaseol Bstimator. g*= 7ig 5 %" = 59;’;
Voriouce Deoomposn‘mn
Y =7 TtE¢ > 6T=5615R
4R NE = SSRINK) __ pe)
R=1-%51 = I-Fanw - R =17 %emiomn = 17 7wk (7RO
Proof of wnbiaseoluess : v = (XX'XTT - (XO7XT (KW +8) =w (XTXXTE
E(wlX) = wt bLb(‘X)”X’ZIX) W+ XXXTE(EX) = W

Bg1X) > n-k ElE'ME|X) = y.,k ELtrte™Me)[X]
= g EGr M X)) = 72 WIMmBleelX)] = n,k-[;r(M)sv"

Variomee 0 W : Var(1X) = Vor((XT0)"XTE|X) = (xTxf'xTVme;x)[(xTX)"x’J
~£xTX) x* Vv X (XX = Y2 OXTAY
MMMZ )

GLR: W= *5ua-m [ Yarto



p robability Review

N R ¢ .
wnivanote ovwal distribuwiion . $0 = Ty €73 X~ NUuwv)
Inmerse mmsfwm Sompling . y=3"12;01), Z~ Unif (Lo:1])

b(a) &
D(a) - y Unif ([0, 1))

- 7}1 ; 21

bivarate ool distribution : X~ Nig T*) 4 Xev N G, B2
f()(an) = W exp (- (ﬁ:_w%)_ + 'i;;ni)_))
= s AP ~3':(x 1) 7 (X~0))

whoe 5= [T 0] e [l %= [1]
Covartome. Maitrix - ]
Cov(x) = ELIX-E00) (X-E0)'] = ;v“f;x;)) Cﬂ\}';ﬁ‘g’) gv"lfx?“iz
(1o 1 o o)~ Vantho)
N, 5> = i 5T &P (-3 (x4 7 (k) , S.= LovX)

-] the echor with
Ligenclecomposition . 5= QAR o AV e P
GA({JM/W%‘MB ¥ eigamolnes with the greafest variomee apol witeverso.

Maximum  Likelihovd

Lineaw Mocll: ¥ = Wo'Kot W% + > Wokp 12 = WXt E
wleatoriy mwﬁmvﬁy

prediction Elyl x,w] = fox) =w'x
PRI X, W)= N (I WX, T, Y~ WX +N'(o,V>)
(oltanativeld . € ~ N, T>) , Gamssian Noise)



Likelihgpol of Linear Regression ( Gowsiom Neize Moolel )

MLE Estimator

Find parameters which maximise the
likelihood.

(product of “likelihood density” — seg-
ments)

Least Square Estimator

Find parameters which minimise the
sum of squares of the residuals

—— "Likelihood Density"
—— Residuals

(sum of squares of the I segments).

Yz HNIX\. Xo. = K, W, Y) = TT,., PO Xi W, XD, mooled porameters

| (- WX
= f:mv@"?(’ )
= (2ay)"" exp (- 3 S (i W' X))

[og-likedihood): L1 (%Yo, Yn | X0 Koo~ Kn, W, V)
= - B logl227*) - 355 5 (M- WX
> LLOYI X wo ) = - B Jogl22r) - 535 (Xwo =4 ) (Xw = %)
NLLOYI X w,7)= B foglan) + 3 (Xw -4 ) (Xw =)
PiMWZe NLL S 0. Y> & Jeast square method
> f W= (XX Xy
Y = #;' (XWmL"j)T(XWM’53

Outliers andl Laplace Distribution

Linear Mocleh: 9 = WoKot W%+~ WoXp 1& = WX+ E
€ Lap (0> . pfl0=3p Xp( - 24

1

P o X Ko, D [ AL
W' Xil) .

=@y eXp (-5 S
NLLLY) X, w,b) = LN 1YW Xi1+N [og (2b)




Fitting, Requlization pmol ij%fam

4lides08 - fitting
glioles 0b — requlizodion
Slioles, 07 - Bowjesian



Basis Function Expansion

polynomial basi> expansion: y = W) +E

lineour mooled . ¢(X) = [1,%. %1
}S guadratic model : @(X) = L %o, Yo, X X, Xk

radial bosi function (REF) kermed . = (X, X) = exp (-1 x-X"I")

' RAKKY: KxX = R = ¢(x)-(x)
M\ Polgmmod kel = R X' X) = (KT x4e)*
S S lgWﬁ#r‘ng: t 90 amadl Clange wiolth)
‘ S pverfithng . T tov large (small wiokth)
Il Chotse Cutress d, M, - phm
2. feaxtnre Mp « PK) = L1, R, - R, X))
3. moded - Y= Wot R Y. X) + - MK, X) + €= WX T E
cunse. of dimensionalety . might needd exponestially lange Lin the
dimension) Sample for using moolest
wlotth ketnels .

The Bias Variamee Traveoff
f wholerfitting = Mgh bins (high simalout errors)
DWARHTNG: high varamee (oining 2 TesT envore)
Learning Curves -
trodning set + valldattion + Test
plot eariTs a5 a funchion of traiing dota size

Regulization
Ridge Regression Objective Lridge (W)= (Xw=%)" (Xw-%) + 2w
(% before optimizaction , standardize all inputs (meam 0 ol variamee 1)

. = -4\ - 42 - requlization
Lridge 09)= (Xw=y ) (Xw=g) +owto 200

= W (XXIW - 29" Xw + Y™ + AW



Vo Lridge = 2(X"X)W = 2 X'y +210
=2[(X'X+21To) w- X'y
3 Wridge = (XK +AD)" X'y

Lowko Regresvion OPfective Lridge (W)= (Xw=y) (Xw-%) + A 35 il
(% before optinmizaction , standardize all inputs (meam 0 anol variance 1)

’ _ AT _ A1 - reaulization
Lndﬁe (W) (XW 'ﬂ') (XW ?1) t AW ( Leact Aésolm Shrinkage

= W XKW - 24 XKW + Y™ + AWy wnd election Dparaor

Ridge Losyo

whth using Lagso:
welgidls oue offen exactly o
3 sparse wmoolele

Weight:
‘\

T
Weight:

TFeatwe Selection

Forwowrd [ Set sot of seleded feofutes to @
Seouch - a2 Ropeat thefollowing wntil F= 12,1}

oun”) 4ot Fi= FUFR for 5 efn2-ni\F
i evalwste gemesalizetion oror Lafumn using only featwes fmm A
g0t M F o the best feature subset fvww(

3. Refum best overall :femwe Subset fo(mat
Rl ptorion (mustual informaddion)

eoct S (=%.T=
g;/te&n.()}‘\% I(.X)T) = ZxSﬂ P(X‘?(, T’-‘-\d) . [ga _PW‘&“L)

compuite muitual [nfrrmattion Por all feotuwies
, t:?ffa,fn top k-fea—?fwes fﬂ fm



Pxartises

L RGER Wl +E I9(0) - E R I
Mo B Bioy” VA oM

%[“f\)b{?) ’W*”)] = %[“@(P}"%[ﬁﬁDﬂj %[\QW)]"W*“:L]* )
- gL -ELAw T ELIG Gwn - w'I’)
+ 2B ([u>-glaws] - [ ELaws) -W"1)
= 5 L) -ELAWIIINT + NE [ =071
%(@op)-gwwﬂ)c g W) - & [btwwﬂ =0

V\/\/\/\/‘

wnrelmTeo{ to D,
thwt comsToRr wed £

9. Hwher Los

In this question, we will investigate the Huber loss in a linear regression setting. Given arbitrary
but fixed parameters A, g € R such that A, > 0, the Huber loss is given by the function

hy i R = R such that
ol — A if |2] > A
h,\.‘,(:): ’\(|~[ UI) lf“" - 2u )
nz? otherwise. (le)

Given a vector z = (zy,..., zp) € RP, we extend hy. such that hy ,(z) = Z 1 hau(zi). Recall
that when dealing with absolute values, the sign function defined as follows is uft( n helpful:

, {1 if 2 > 0,
sign(z) = .

—1 otherwise.

ly; — 27 -

Mz

H(Z D —h,\“

N
S(v,w;D) = \||v||1 + pl|w]|3 + Z yi — (v +w)T-x;).



Cklearn Rrthon Frogromming

from sklearn.pipeline import make_pipeline

from sklearn.preprocessing import PolynomialFeatures, StandardScaler
from sklearn.linear_model import Ridge, Lasso

from sklearn.metrics import mean_squared_error

degree =2
ridge_model = make_pipeline(PolynomialFeatures(degree), 3 FYV]’ PVMYWWM%
StandardScaler(), Ridge(alpha=lamb), ThU"' GTWM(ND(A-ZC

verbose=True)
ridge_model.fit(X_train, y_train)
ridge_validation_pred = ridge_model.predict(X_validation)
ridge_mse = mean_squared_error(y_validation, ridge_validation_pred)

# model selection

from sklearn.moel_selection import GridSearchCV

oli kv

oTespinde to s
P Prvcmmg K'fvlot Crose Valiolotion

4595

param_grid_ridge = {
‘polynomialfeatures__degree’: [2, 3, 4]
‘ridge__alpha’: [0.01, 0.1, 1, 10, 100]

(K=%)

train train train train -
train train train - train
train train - train train

ridge_model = make_pipeline(PolynomialFeatures(),
StandardScaler(), Ridge()
ridge_cv = GridSearchCV(ridge_model, param_grid_ridge, cv=5, Run 2
scoring="neg_mean_squared_error”)
ridge_model.fit(X_train, y_train) Run 3

Run 1

best_ridge_model = ridge_cv.best_estimator_ S - - o o e
ridge_test_pred = ridge_model.predict(X_test)
ridge_mse = mean_squared_error(y_test, ridge_test_pred) Run 5 - train | train | train | train

Whon K=N , 200CV ( Leawe
One Owt Oy Valioladivn )

Other Tips for prighaummang

# bar chart
v=[
foriin range(3, 10):
v.apppend(y_train[y_train == i].size()
plot.bar(range(3, 10), v) X__ Cl“aAIV\ - [ J
# numpy NW\Q ‘columns’ C - ]

means = np.mean(X_train, axis=0) (Vbﬁ'lcalhj)

stds = np.std(X_train, axis=0) 3t

X_train_n = (X_train - means) / stds chorf 307\17"“ Shope

X_train_n = np.hstack((X_train_n, np.full(N_train, 1), G)))

W = np.linalg.inv(X_train_n.transpose().dot(X_train_n)) -h"'P
.dot(X_train_n.transpose()).dot(y_train)

y_hat_train = X_train_n.dot(W)

3+ %] L 14 nxp
f{ll value

—
anr



Basesian Approach
ﬁFme'ts - (fixeol parameters , PLPIW)
ij%wms;:ﬁmol data . p(W] D)

f AleatoNc weettainty - ctochastic hatwe of varables (more dato useless)
Epistemic wneurlodiety - about choite %" el (reducible wih more oatn)

Bowes’ Theorem : p(w|D)= LI PI: A

pe - T 7
postertor prior

> p(wlD)= pLYln, X) pw)

pLb
priors plts) =N (ias . Tos )
postesior: pLUsI DY = N L, Vas) Jrom Sowmples T5~ N L)

. = ! -1’: N . > = ; N -
)W'e\m‘/uﬁ:s %4"\) [m;/u"5+>f:lt] ! W's = (Vo?s +—V—:')

BernsteAn-vom [Wises Theorem -
woler curtmin regulantty assumptions, as N = oo, pasterior
converqes 1o a nermad oUisTrbwton N (Wade , N™ Lg (Wwie)™)

contredl on maximum [ikelihoool estimate (Wmie) where LE(Wmie )
is the Freher information matrix at Wi

> P(TIS,D)=fw pitls, W) ;mowwvlgg o = N s, Tt Yo )

maeled Pos"re,ﬂ'vr aleatoNe epistemic

ELt]$.D] = [T ptis.DIolt =Mnis

pad (f1X W) = T T exp (~ BREY) 5 o (- sk (y-x00T0y-X )
Gomgsiam pMoT: potf (W) =V (W10, A) o exp (- T AW
Pvé1w'0r= Pa&l’(u)lD)eCN(}jle.i)’N(wlo./\) = N{(W| W, 2N)
kil prioT
) complexity |
whete Su=(N'+m XX)", W= Sn X'y j Py
potf (1 s Xnew, W) = [, pokf (4] Xnewo, W) pelf (3]0l
=N 01 00R Xowo V1 Knena” £ Xraeo)

aleatoNc erfsw/m'c



[Uoncimum o Posterion (MAP)
prior ouer W Takes the more general fom: polf (w) = efp (- RIW) , R:IR7>R
Yomap € (UG, MAX ol (W] D) = gy MaX log poif (WD)
> pdf (W] D) o exp (-3 (Y-Xw ) (-Xw)) - exp (~RW))
= exp(-Fp (Y-XW)(-Xw) ~ R(W))
Dhe MAP (025 fimction - N i
Luap(W) o< = [0g [ polf (WIDY) = 33 (Y~XW) (-Xw) &‘l") |
‘ N |Q,L9Wwﬂw\meoﬁ1w\
iﬁdﬂe(m o 3y (Y- X WY (- Xw) 1 3 W = Luap (W)
the prior comesponls o ekp (-5 W) > N (0, diag ()

A —
Lisso (W) o= S (Y-Xn Y (§=Xw) + 35 S 1Wil = Luap () o
the prior conesponols To ekp -FSa Wi pAf (w) = H,Z.Lafco,—%)

Lpan (w) = 5504 X0 0§-Xw) + 38 60700 = Lawp (90 o
the prior conesponols o exp (- m 350" W) >N (0, W > oxtire. B

*r=r90



rHmazation

5)ioles 08 - optinu 200t(dn
slioles 09 - pptimizotion



Corwex Optimi zaction
Definition : the entire set RP . AX +(FMYER®, ¥ x, Y €R
Junction f+ R7>R - FOAX + (-2)Y) € 2o+ fp

Theotem : the ot of positive semd~olefintte madrices is convex
psitive semd ~dlefinite - A=A, XTAx 20 for VXER
set Sf = pesitive semidgfinite cone
VA BES, XT(AA+U-MB)-X = LXTAX +(FVXTBX 20

Exommples ot concon, functions -
- ARfine fumctions: Fx)=bTx +C
2. Quadiratic functions . f (x) = I X"Ax +bTx +C,
A s symmptric positive semiolofimte
3. Notms . ™n Farﬁmlar LP-worms
4 Nonnagative weigleteol sums of convex Junctions

Theorem: For o comver opTimization problens , all 10cally optimal
points are global optimal

Convex ODptimization
Given oomvey Fanctions $, 81, Gun amd affine Fanctions b, = ha.
WV,‘AW% Jtx) . optimad value
6%»360" m gi‘x ) 20 , 7 € f’» )'1"’”'1% @ DP-“‘M PV"n-r
hyx)=0 g fhynng
1. Linear Frogramming
mmimize CTX+ol st Axce , Bx= O‘-’
2. Quadratically Constrained Quodrotic Programming
mimize TXBX+CX+ol st EXT QX T KX+ %20, AX=b

3. Semiolefimate Pogramming N . ‘
m/{wh:‘tff‘e ArLCX) st TrlAsX)=bi, X prsitive semiolgfinite



Bxarcises
|- Optimizaction. Methool for £~ regularization.
L(w) = zN: lwTx; — yi| + /\ZD: |w;|

Consioler o [Yneow program with 204N vanables -
Wi Wo, Kiv Ko, &~ En
The objestive fanction cam ke Qxpresed. In -
mimmize 3 5+ JLZ.'?, Ki
snbjectte WIXi~Yi€ B, i=120N
Yi- WIXi €37, 3=02,N
Wi <K, 9=, D
-WigKi, 121D

N

D
LreoW) =D (Wi —3:)> + A |wil
i=1

1=1

Got fiwy = ATl
V() = 2 [4ifaﬂwl)~1l(w.4=o> J whote Tiwieo) = 6

sign (Wo)- ILwp#o)
Time wa,\mw(l«)) = 2(XTXW -XTK) tA {

snb-groddient olescent update e :
Weer = W = (z(xwang) t A [

. W

Sigand- T Wi #9) ]
Signun)- Thiseo)
Sy -TL Wi $0) ] )
eign(wu}mwvw



Growoliewt Descent
Gradients. Vuf(w) =

Q

W)

oWz

&

Hessians . H = [ 25 a_w%h sf?pr nmww;tnv,capﬁmm
o 25w auvoctuge of the 4W‘f0lw

L4

z

aiﬁ)}:fg_\g, 5%}'551 2
grooliont clslent: Wen =W~ s VHORY , Ne70 - leanning berfe | step Size
gradient descont for least squares regressivn

Lowy = (xw=%)" (Xw-%4) ‘
VNL:Q(XTXw”XTﬂ) wrw‘)]@(l’f\li: ONP)

(X% onlul calonlate o)

4

Newtons Methool

Won=We~ HiGe  fpuat (0) = F00) + 4309-W9) + L 0-WH, (0 -9
Viofquad = Gs T HyW-2s) :=0
Sub-grouliout Desceont  ramge betwen the left ael rght donivatives

Chochastic Graoliest Pesent (SGD)

pbjective fumction- [ (s p) = % 5L Al Xi %) T XRNW) tequlnpization term

Fz‘dc a mmtom dotapoivt ( Xi, ) and evaluate g; = Viodlws Xi,%i)
E(g) =R 55 vl lws XU %)

Bactcin ] Offling Leauing -
=7 CREE Wi s - T T Bl 00; YD) ~ A T RIW)
- Onlbing Learning -
\‘L g “ Wea = W= Y Gl (W5 X5, Y1) = ATuRW)

TV VL Minibatch Onlbine Learmi
— | T s e T Gl 005 K YD) ~ AT RUW)

nnnnnnnnnnnnnnnnnn



Other DFmezon‘mn Teoiwg,uns
Firt Oroler Mathads, | (Snb) Grasdiesit ethools -
I Nesterov's Accelorateol Gradient
2. Line-Search to Finol Step-Size
3. Mawesctuom-based Methools Wt s < Wes - o o
4 Adairad . AdoDelte. Adam. RMSPp e Futusee can b et e
Sevomd. Order | Nowdton | Quasinewton. Methoel: — 5wifoble in WLP
- Conugate Gradjest Mothod
2. BGFS amd L-BGFS



Clagsificotion

slioes 19 - classification (NBC)
slides( | - [ogistic regressibn
ghides 12-SUM

slioks 13 = SVM(2)



D uiminative [Uoded . distingwish olecision bounlaties, through observeol dato.

(F1%) hefRH) moolel the condlitionad distribution  piylx, 0)
Genwrodive Moolel - incluole the distribution of datou Hself
CemAviRa) moded the J"w(l Joint distribichon pex,y18)

Clagsification Backgrounsl

target [outpu. Y € £1.2, 3
PR = X = (X1 Xo, 003, whete %5 € (1.0 K3 ER oo
. pUY=e|8) - P(Xnaw | ¥=C,0) ~ > jornt diEtribuhion p(Xws .y 16)
Phd: ¢l Xnewo, B) = qu PLY=€160) Pt Xnuw | Y=C50) = manginal distribuiron p(Xnul8)

= Y = argmax, pos=c| Xnw. )

qoint oliztribution . p(X.Y16,T) = pLyIm) - pLXly, B)

Pngwm):m,Snalmﬂoml clonsiies.
pLX|y=c,Be) for clasy =13, C

Nouvtve Bmdes (}[assiffo,f (NBC)

To estimate the parametess Te, Be for c=1,2,C.

Assnmption: the fooctures are condlitionally inolepenolest given-the class, lobel
pexly=c.be) = Tl PUA Y= Bge) gt gl
Example - uve o Gamssion Model., 50 e = Yk Vo) 002D prnetss
5K hiesi =1 (4 factor s, ¢: choite <C, i-factor range<k> )
asswme ol foxtiies Bany , K= 1. Xy€fon}. OCCD) params

Maimum Likedihovol Jor NBC
Pl L(Xi Yy it from some Jovnet oliZinbuttion p(X.y)
probability for & single datoporit -

=0) £ b ILp=c
POXi Y19, 113 = PLI 1K1 85) = I, e °’mz PG Byey



Penite Ne = WG{W{W’; With 5‘:0' 4. Sé\l\)c;/\]
> 103 PLD‘ @1 = er;l Nelf)ﬂﬁc 1'2;';;‘ Zi:ui-«o[“ﬁf()(ﬁl 930)
f L mox SeaNehaTe ¢t SeyTesl 3 TTZ:%
2. mAx 2558 S l0d pUAI B30) > By omly olapenoks on i feature WithYi=c

Pro. handle missing doriov st test time, Just manginalize it ot
3 _ Te - ﬂ;;P‘ Xj‘ ¥=C, 93@)
Pl’dv C, Xnew, ) = S&,P(U:dw)ﬂ;x”‘xj”4"""96‘)

Lovsom the. inlependonce aszpmpstion
p(x1¥=e.Qe) = N (xall(u,&, S>c)
(X ER®, mocled elasyoondlitional olusity o6 o mwdttvariate normad distrbutton with 2).
_ _Py=el8) - ptXnw [ Y=C, B)
F“d‘ Cl Xnwa, 6 = S b= PY=C10) PtXnuw | ¥=C’, B)
| _TelEd = ekpl-Z (X -p) £ (X-MD)
S TR ekp -2 (X -pud” £6M (X Ue))

the. bowndany between classos -
T AT Sl % ekp -5 (X ) S (X =)
Te |2 Sl = exp (-2 (X - S (X = Me))
— %motrom\c AR iminant owwtlulel% (®DA)

=1

W0 Gpeddat) case Shareol [Hreol covaNamce mattiites, pordsh different classes
puyrelx §ro< Te ep (-3 (X -u)" &7 (X - M)
=exp (UES X - e S et log Tle) - 2xp (-3 X727 XD

Re= SMe olwte as te

_ T Q'KP(QIX+r°> -
= eXp(Box+ie) > S P BLXHTe) Softmox (7)e

N L8 X+t - BiX+fe]
— Linear diseriminaset aMoLluie»T (LDA)

“oupimove maps A &2t of nuders Yo a fmbabfhﬂ distnbution
it woole ot the. maximuun,, softmax ( Las bed) = (Lpisps. ps1)




) Two class LDA
whon we have only 2 clagses . a0 awel 1.

r@xptefxfr.)
exp (81X T ) texp B X t1,)
{

u

POg11X,6)

4?9%10(?{;{%(16((0*\ :
sigmoiolot) = 7T

%

T 1t expl- ((RgY X +(R-1))]
sigmoidd, ((@-8oY'x +Uh-fo))
MLE fov &DA owol LDA :
Te: o
,m m o Ziogiee X
St = No Zigre ( Xied( Ximjiled'
(number of parmddets: O(CD) )-

u



LogisHe Regtession

Binawy clagsification . 0 amol 1

T 16 o distiminadtive methool = pCylw, X)

Z ~ Bernowlli 16), B eTo,1] . f': I wrth PWb =p Fw() 9) = 9"((~9)""
=0 with pwb=-¢

moolel : Y~ Bernowlli (:f(x,v\))) , Whoe F&0on , X i Inpit, w iz parom

|ogistic. tegression bwalds up ona lineor modlel , composed. with sigmeiol

plylw, X) = Betwoulli (| sigmaiol (wx))

f PLYreo=1 | Xnuo, W) = gigmaiol (W- Xraso)
Srawo = T sigmoiol (0" Xparo) 23 ) = IL10- Xearo 20)

p=ly ] Xw) = Tl VORTx Y (- vxe)' ¥ i e fo. 13
5 NLL O | Xow) = - 58 (i log hd * LY 0gUi)) , i > WO Xy
the oross-eathopy between i and i
Bwitropy M HLO=- Sk pua) log puo, Berpoulli hag H LX) = *9105 0-L+6) [og (1)

VoNLL (Y| X w) = i Xi Li-¥i) = XT(ud-y)
Hessiam: M= X"$X, & io adiogonal mathix where Sii= ti L)
( Grodliont : q == X" (iu-y)
W NUA’TO’V\ OP{?\M@ MQ:
Wt = Be = Higs

= We + (XS XY X (=)
=(X7SeX)" XS4 (Xwe ¥+ S5 (Y- i)
=(XTStX)-' XG4 24, whue Zt=)(hh"‘5?(lj‘/k)

Thon Wia is o ¢olwtion of the ollowing.
mwin S| St (24— WX, weighteo least cquares



Mutticlass Log%ﬁc Reg}e%fvm

(alov o diseriminative classifier)
Input X €IR®, output Y & Fr12, -4
paromstes We e RO for eveny class ¢= 1>~ C , domoted as Woxc

T I |
MU=c| X = QXP(wOX) | Wi W
P Y [x, W) S eXpNEX) W [ |L DiC

> ply=clx, W) = coftmax ([WX, . WiX])
softma (Lo~ ael') = [&, . & ], 2-5e™

Extemsiin 4o muwkicloss
& 3wv0i A - éﬂﬁmmx




Exercises
- Maximum Likelihoool for Logistic Regiession

Consider the sigmoid function, defined as o(z) = ]‘f -. Note that lim,,_»0(z) = 0 and

lim._,,, o(z) = 1. Thus, for binary classification problems, we can compose a linear function

with the sigmoid function to model the probability that a given input x belongs to one of the

D

two classes {0,1}. More precisely, for parameter vector w € R”, and input vector x € RP !

the label y € {0, 1} is given by the following model:

Priy=1|w,x) = n(xTw) (

Priy=0|w,x) =1-0(x"w) (4

NN

Vi) = i = g (- Tew) = V) (- iz
PO YorYn T WL X) = TTgeagiot TOGTW) Tligivo (1= TOGEW))
NLLIYI WL X) = =10g PP WL XD 2 = S [0g (W (WD) = 24420 g (1= (X7 W)
LY ) =~ S TSR , 15, YOO T 1
= ~S,',\j,-~_, (I-TUEW) X + S0 TUGTW) X5
> = S X1 + S VU)X

H= WNLI/(%]N)X) = (221. VU W) (1-N (W) Xk ij) )

- TXn - Xml VIXTW)(FTOW)) } [Xn"“)(\v }
[X'b ' Xnp [ FUGWLATIW) 1 L X X

= XS X
wtete S 1o @ oliagnel matthix 4. Sii = YUaTW) (- VU5 W)
S s positive olefintfe becaise
VYERN, o Sy = SH AP 20, and YTSY>0 . =0
Thus, H 15 posttive somi-olefimte becamse
Vye R, xSy =(Xy) S >0 |
ool (Xo"S Uy) =0 it Xy =0, wilich oloesht necessautly meany=o

Sine the Hesviom s positive M’dfbﬁm“t&, NLL (5 a comex fmd'fon
of W, amd the obtodned Lolwtion 1o the global minimmm.




SUM (Support Vector Machines )

Binawy Classificortion
- Goal - find o (inear separator
o S%a s llVlWM ZPe,Pamble iff- all poinds ae classified comectiy

2. ] Marain Rinciple . max the distance of the closest point from
Movinuan. Margi. vy the oecksToN bowoiﬁ “ZMW?ZVEE%;

Hyperplame - H= WX tWe=0
Pitamds betwesh X 6R°amdl H- " [iy5],

Seponable Cose-
mn z”W"» St Yi (W XitHe) 2

(b i€ B3] — quadtatic program

Nw-%pamble (e . _ petty o ko

rm'n 2 “N”a + CZM CI L foo 1[)0)(11')1)«:))
(regwlaurizer) Clog-fumchivn) inge 1055 FumCHon

SE i (w- Xi+Wo) 2 |- Ti < eladkto w¥lwie constotints

sa 1055

L()ﬂl:’fhé R(zgresewn Losy Fumction
NLLLyis W %0) = - (o log T =) (Y5> log (Tee @ T )
- [O%LHQ ~2i (W- Xl)) logtlf 8—015\ -0(W- Xc))

lmvuae, lo3s: Y Xt Ws)

/WAH(OI&!% dﬂgéifl‘mbn logisty (055 YW X+ W)

one-vs-one . trovn (§) c(aserﬁus Choose the st pommonly occurring
lg ong-vstest. train k classifus (one class vs the fest)

One-vs-One One-vs-Rest

» Training roughly K?/2 classifiers » Training only K classifiers

» Each training procedure only uses on » Each training procedure uses all the
average 2/K of the training data training data

» Resulting learning problems are more » Resulting learning problems are less

likely to be “natural” likely to be “natural”



Exarcises
|- GV, P)’OlolQM/tér

(@) mimmize 2 1IWIK th) Makimize o
sublect 1o - Yi( WX+ We) 2| Lubdect 1o i (WXitWo) 2oL, JIWil,>|

() & by

Suppose you use the primal SVM formulation for the non-separable case, i.e., with slack
variables (;, but your data is actually linearly separable. Do you always recover the “true”

max-margin separating hyperplane?

No. hot recessaunly -
I'Vl VWVI"QQ.Pamble case :
minimm 3 IWIE + CSATi Comestly classifiedd, examples peTis|
éuloﬁeo’[‘ to q;(w-x;-fw.:) 71-%i [msAassified examples: Zix
1§ we set the penabty C 0 & venj small wumber , the motivactivn
o miniwze Wl weight more thoun that o Sepatvife the dafo
conectiny - Whth Moy ot be the “true” hujperplame

2. Kerted wethods

Kernel methods are widely applicable in machine learning and not just restricted to support
vector machines. For instance, linear regression using kernel basis expansion, is nothing but a
kernelised form of linear regression. Let us briefly revisit the Ridge regression objective:

N
Lnulg- (W) — Z(w 2 R .‘11)2 + A HW‘ ::
i=1

We observe that the optimal solution w can always be written as w = Z;\' L aix;.  Why?
Suppose not. Let us write w = wy + w |, where wy is the component of w that lies in the
span{xj, ..., xy} and w is orthogonal to this linear subspace spanned by the inputs. Then,
since w; -x; = 0 forall i =1,...,] N, w, cannot affect (w - x; — ;)% at all. However,
le\:: = ||ws| :: -+ HWAH:: Thus, setting w; = 0 can only decrease L,q,.. Thus, equivalently we
can try to solve for a; rather than w, and we get a kernelised form of linear regression. You
will work out the details on Problem Sheet 3.



Dual Formmlation o SVM

A) ' A . ‘ b — w
PI"IW\Oll fOI‘W\ © mnimize F(i) =z Wit CZ.’: Ci hate N+D+ varinbles
Subdt o Gi@ 70 (=12mm)  convex
,’lj(%)t-f? (.3>), 2,-4)  offine (WotWd - Woo)

Lagrange Fmotion: A\tzsa,md = Fiz) - S35 cigin - 35, pihy2)
mcawvex problems, Korush~ Kishn~Tucket (KKT) conditions proviole
(o550t ool Sufficient condifions for aLertticad poit of A 1o be the
minivwm OF the enginal constnined optimization. problem. (2" " 47
- Primal Tesslbibify - Gi2V70, hy@=0 . 722 -m 5 g2~ " T Nw, bo) =0

2. bual Feasibility: oli*20, 722 =m
3. Compemawiang Slackness - o GiZ') =0 3112,

> A, We Cs k) = ZWW -+ CTHTi — I 0 [ (0 Xt Wo) 1420 S it

9N N oL .
oW~ Liz Ol,ﬂjl Gi»o0
8 C— i —Mi = =0, D<o <

%; = C- i —Mi FoC 0zisC

Vol = W = 25 0iHiXi
Thas > §od) = 335 Zmolicy Ui (- X3> + ol = i oli i Xi- ( S50 o Uy

olua.! Forem - maximize S i = ST S clioy Uiy (X Xp) - concase N variehies
subjest o SN AiYi=0 , 0¢di<C (N* erms 10 episs)
Colutfon s W =S diYiXe i=0 O Yi(WKitho) = |- &i
Wo = - S ki Yi XXy Lchowse one ol #0)
Pteo[,(cﬁ\mz W Xpaw = S Ui (Xis Xnaw) =t Kemed 5 1o suffivient
Tive mm)ﬂ: O +logd) = O(_D!(?go[)

-~ Polynomial Basty Expamsion . Katxx)= bl (X)- Pt [X) = (1 X-X")%
‘\FO? 0{32-, gbz‘.[X)rX’&]?) = [l: -E—X\, ﬁX’L, Xllt X??'; BX\Xz]T O(,Dd‘) VaMobles

2. Metct Korneds [ Rx X R, for inpicts <Xiziey, each Xie ) o SZQ(;”‘TW
g - KXLXD)  KXLX2) o RIXLXw)
g(omff'g:v;mrg )K K(xi'x‘) Hxﬁ'x') S R Xn)
5 poncane if K 15 positive definife = N T N
. s KIXw X)) KX X2)  ~ 0 KO Xw)
is alwoys positive semi -olefimte
(Here, KEXX) % SDme measuke of gimtlonties befween X omd X')

3. Gomsiam | RBF Kemnels : K(X, X') = exp (- ﬂ%) bawdiwickth



Measwring  Performance

JZ}CAA:G’Kf)nl Y(Ad'ml La.b&fé)N Tmu]_ AT
Yeb | tweposttive  false posttie /D Preeiion: p= #5};7

mo | folw negative trine negative

Type T s

/2 U
True Positive Roite  Faloe Prsitive Ratte

TPR=TprF0  FPR=FHm

Fer mubti-class clasificaibn , its common tv wvte confusion matrix

pedivtion] | 2 Actul Labdls |
Nu N -~ Nik
2 Nov M oy A2k

~ ~

N ~
-
- H s

K Ne N -~ Ngg

1 1

Prwsl‘ma recodl cunves

0.8 0.8

0.6 § 0.6

2
0.4 o 0.4
0.2 0.2
Wmaraﬁ{ﬁc
00 0.8 1 0O 0.2 0.4 0.6 0.8 1

FPR Recall (TPR)



Newral Network

&)ioles 14 ~1h - Nemral Networks



